Equilibration Procedure
We chose to work with Lennard-Jones (LJ) units. By doing so we do not study a specific polymer-filler system and all computed quantities are dimensionless. A velocity-Verlet integrator with a timestep of δt = 10 −3 has been used. The equilibartion procedure comprises the seven steps shown in Table S 
Number of filler particles and filler volume fraction
The FVF reported for each system is calculated at after the equilibration routine following the cross-linking of the system with a 100 000 timesteps NPT simulation (T = 1.0 and P = 0.0), where the density is recorded every 100 timesteps. 3 Cross-links per chain Every column is the result of averaging over eight independently generated structures.
Each structure comprises 1000 chains, and 1000 cross-links are imposed on the system at random sites as described in the manuscript.
particle. i.e., for every filler volume fraction, eight independently generated structures are used to compute this quantity. The imposed number of cross-links is 1000, averaging to one cross-link per chain since every structure is made of 1000 chains. The distribution of added bonds per chain is peaked at around one/two. The cross-linking action, in general, involves two chains and, therefore, it is expected for the distribution to be peaked in between one and two added bond per chain. In other words, assuming for clarity that there is one cross-link stemming (but not ending) from every chain, the second atom involved in the cross-link belongs to another chain, which already has a cross- 
Reinforcement at low strains
For increasing filler volume fractions, the quasi-elastic regime exhibits both a progressively higher modulus and higher peak before the onset of the plastic region as it can be observed in Figure S 
